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l. Introduction

This paper presents the results of an investigation into
the application of the Monte Carlo integration technique in
the evaluation of multivariate normal (MVN) integrals. Speci-
fically the theory and resultant computer program is developed

to evaluate MVN integrals for the following situations:

1) Over rectangular areas for dimension M < 5
utilizing completely arbitrary input parameters

(mean vector and variance-covariance matrix) and

2) Over elliptical regions for arbitrary bivariate

normal densities.

Section 2 presents pertinent results on the MVN distribu-
tion and describes the Monte Carlo technique in general appli-
cations. Section 3 presents the theory pertinent to our particu-
lar applications and section 4 discusses specific applications.
The appendix presents the computer program and discusses the

preparation of input cards.
2. General Theory

The Monte Carlo technique is, in general, a random simula-
tion of a deterministic process. In integral evaluation one
numerically evaluates a quantity whose expected value is the

value of the integral and we can apply those statistical tech-




nigues applicable to such procedures.

The general principles of Monte Carlo procedures are well
documented. The texts by Shreider (1964) and Newman and Odell
(1971) provide excellent discussions on the Monte Carlo tech-

nique of integration.

As a simple, and inefficient, example consider the integral
1
6 = I x dx.

0
The graph of x,0 < x < 1, is in the unit square making ©
the probability that a point, selected at random from the unit
square, lies below the line £f(x) = x. Thus if we select N
pairs of uniform random numbers, say, (ui,vi), i=1, N, and
if X is the number of points where vi < ui, then the ratio
K/N estimates 6. This is the "shotgun”" or “"hit-or-miss"”
technique and it is the most efficient. Another famous example
is the estimation of 7 in the Buffon Needle Problem. Let
the notation x denote an arbitrary vector of length m and

f(x) a real valued function of x. We will use the notation

-..dx to replace the lengthy I ...[ -..dxldxz...dxm.

s

Suppose we desire to evaluate the integral

-0 -0

e = f(x)g(x)dx. (1)
[ wstos

where g(x) denotes a probability density function on Rpj. The
integral (1) is then merely the expected value of the function
f(x) and can be estimated by evaluating the quantity

N

z
i=1
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0
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f(x,)
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where X5 i=1l, N, are samples from the pdf g{x). We directly
have

var(£(x)) = | (£(x)-8)2g(x)dax

i

which is estimated by the quantity

Var(a) =

2=

2

Lol 2
5 = (£(x,)-8)

e

2
N-lil
giving an estimated standard error of e = S//N. This quantity

can be used to put confidence intervals on 8 by the standard

method.

One useful way to reduce the magnitude of Var(a) and,
consequently, 52 is to "remove the regular part®™. Suppose
there exists a function h(x) on R.m that approximates f(x)

well on Ry and further suppose that the value
Y = I h(x) dx
Rm_ —
is known. We then have

b =Y + (£(x)-h(x))ax. (2)

Jra
The variance of £(x)-h(x), where x has pdf g(x), is

Var (£(x)-h(x)) = Var(£(x)) + Var(h(x)) - 2 Cov(f(x),h(x))

and if Var(h(x)) < 2 Cov(£(x), h(x)) we have immediately the
result that

Var(f(x)-h(x)) < Var(£(x)). (3)

The MVN distribution is well documented and this discussion
is merely to introduce notation and present results to be used

in section 3. 3
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The MVN density is the expression

1 -1/2 (x-1) i (x~u)
£(xlu,2) = = e
m 3172
(2m?2|z|

where 3 is the vector of means and I is the positive definite,
symmetric variance-covariance matrix. For such mat;ices there
always exists a lower triangular matrix A such that I = -V-S
Immediately we have |I]| = |A|]A°] = |A’12 giving ]Z]l/z = |A7|
and, as A”“ 1is upper triangular, |a“] is the product of the

diagonal elements of A. If we define a linear transformation

= (A-l)’(z-g) then y“y = (x-u) ’A-l(A_l)"(:_:-y_) = (gt_-u)'):-l(gc_-y_).

This result yields the equivalent pdf

-1/2%y.
e i,

gly) = &
(21[)7
Thus by a suitable linear transformation any MVN pdf can be re-

duced to the product of independent standard normal variates.

These results are utilized in our computer program.
3. Specific Results

This section is divided into two parts; the first dealing
with the algorithm for integration over rectangular regions and

the second dealing with integration over elliptical areas in the

bivariate case.

i
|
1
1



3.1 Integration Over PRectangular Areas

Suppose we desire to evaluate the integral

b.{b b
6 = I 1] 2[ Mg (x|u, ) dx. (5)
i | a2 am
m
Referring to formula (1) we define g(x) =1/ 1 (b.-ai) and
i=1

evaluate the integral

b_ra b
¢ = I 1[ 1] Mg (x|u,Z)__ dx

a_.Ja a m
1z . I (by-a;)
i=
and observe that we have
m -
8=¢1I (b.-a.), (6)
i=2 * 7
and the estimate
" m

where

)

1
= £ z
o (§_ilg. )

when X5 is a random vector from the pdf

1
| g(x) = g b.-a.) i a; <% < by 1=l,m.
j=1 1+ 1
0 elsewhere

This result is deceptively simple. The pdf g(x) is the

product of m independent uniform distributions and a random

I N
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7ector is generated using the equations X; = ai+ui(bi-ai), i=1,m,

where ui is a usual [0,1] random number.

In the program we obtain the I = AA” factorization and
calculate A-l and |A”|. The algorithm proceeds to calculate

X, ¥ = (A')-l(§7£) and y“y. Then £(x|u,I) follows directly.

This procedure converges slowly in most cases and an effort
to increase the precision and speed of convergence was attempted
by "removing the regular part" as generally described in section 2.
Basically it consisted of expanding the expression

-1
=1/2(x-W) L (x-n)
e into a Taylor's series and defining h(x)

as the first three terms. The arithmetic is formidable and not
germane to subsequent discussions. Consequently, it will not be
presented in the text but can be obtained from the appended

computer program.

The function h(x) described above effectively decreases
the standard error of the estimate when the integration ranges
are small. To determine precisely where h(x) fails, i.e.,
where vVar(h(x)) > 2 Cov(f(x)) is a formidable task and not
really necessary. To utilize this approach the computer must
perform the calculations to evaluate (5) using the standard
appfoach - the difference being the number of random
nunber generations required to attain a specified level of the
standard error of estimation (program input). At each 100
generations we check both errors and if either is below the
specified level the computations terminate with the answer,
standard error and an indication whether or not the regular part

6



was removed being printed.
3.2 Elliptical Regions

This portion of the program has more direct applications

to meteorological problems as the examples in the next section

will show.

The general procedure is very similar to the case in section
3.1. Assuming we desire to integrate the bivariate normal pdf
over an elliptical region E having area flab where a and

b are axis lengths, i.e., we desire to evaluate
6 = I If(ihi,}:)d:_(. (7
E
Defining g(x) = 1/llab we evaluate
¢ = J«{f&g}g}i}dg{ﬁab
E
and, analogous to (6) above, obtain
8 = ¢ Nab.

Here, as above, the problem is to generate a series of
random vectors in the region being integrated over. The general

procedure is to assume the ellipse is in standard position, i.e.,

ES = {(x,y)|72 + ; < 1}, obtain a random point in this ellipse
a b

and rotate and/or translate it to the area E. This random point
in ES 1is obtained by generating two uniform [0,1] numbers
u,y and u,. The equations x = a(l-2u;) and

y = b/l-xz/a2 (l-2u2) determine a random point on ES. Once

7
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translated and/or rotated to E the method in 3.1 applies

except there is no provision for removing the regular part.

Program input permits considerable flexibility in the
elliptical parameters required. Specifically, there are two
options:

1) 1Inputs include x, y axis lengths, rotation angle

and center after rotation or

2) Input 5 points on the locus of an ellipse (the

program determines the ellipse and puts it in standard

form).
4. Applications

This section presents some general numerical results and
some examples. Specifically we present program outputs
utilizing the data in Crutcher (1967). This also permits com-
parisons of our probabilities with those obtained by using the
Cornell Aeronautical Laboratory tables (Groenewoud, et.al., 1967)
on bivariate normal integrals over elliptical regions. We will,
however, first present some computations over rectangular regions.
The accuracy of our computations can be easily ascertained as
they are merely products of independent standard normal integrals.
Tables 1-4 present, respectively, the computations for the

integrals

1l
1. I £(x|0,1) dx,
0

1 (1
2. [ [ £(x]0,I) dx,
-1)-1

TS



1(1¢1
3. J J J £(x|0,1) ax
ansl

l(l¢1(1
4. J J I Jf(_}_{_lg,l) dx.
0

The correct answers, using the normal probability tables in
the C.R.C. Standard Mathematical Tables (Weast, 1968) are written

in below the value calculated by the program.



TABLE 1

YULTIVARIATE NORMAL INTEGRAL

10

-..= JFCTTA IF WIANS 15
202000
-
. TeIT RA%D3M NUV3ER IS 5423
TAS §TANTA<y TI<OR IS LESS THAN 0600150000 .
TIT VAITANCE = COVARTANCE MATRIX 5 15
14020030 CelICOL 3405000 0.0C0C0 0.C0000
CesooCh 2eC00CT 000000 0400000 020000
S.00030 CeC00D0 7420000 020009 GeJC200 i
) Celu300 Cewl000 7.0030C 0e00300 020500 3
£.00000 0400000 0.000G0 0.00090 000000
UDPDER TRIANGULAZL FACTCRIZATION
14200500 P
I''WERSE OF A TRANSPGSE
1.00000 B
,§
INVERSE JF g
o T CTTTS
o FOR RECTANGULAR REGIONSDIMENSION = 1 3
T TE LUATR TNTEGIATION LIVMITS ARE
0e3C00500 4
- THE UPFER TNTEGIATION CLIMITS ARE _}
_ 1.0000202
TITVALTE 1S 0.3412368 WITH A STAWDARD ERROR OF 0e0C01802
AN OR CTRPELATION SF Ce5611199
T TSI REGULCAR PAXT HAS BEEN EXTIACTED o
THE CORRECT VALUE IS .341345
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TABLE 2

MULTIVARIATE NORMAL INTEGRAL

Too yECTOR UF

v edYQ0uiu

AEALS LS

e, . AP
e RV RV VY]

b THE RANDO¥ KJZASR IS 8135
5 THE STANDARD ERIRCR 1S5 LESS THAN Ce0C12G203
' THE VARTARCE = COVARTANCE MATRIX 5 TS

1.00C00 0400000 0.05000 0400090 0.90C0C
! 000000 Te20000 3+3000C 305000 0eCD0O0
: 0.G0000 0,COCCU 0422000 0.000060 0.0C000
: 0.C0000 0eC 300U 3.00GGC 0400025 0.0C0CC
! 3.,00C00 3.0C0C0 T.00000 5.00000 0.0C000
|
; UPPER YRTA GULAY FACTORTZATION
: 1.300C2 0eG0500

3e 00000 1. C0000
| TNVERSE OF A TIANSDOSE
§ 1.0080C 5423095
r - 00000 1.C0000
; TNVERSE OF &

1.C000G 0492000

Ue JUUTTU L1eUVULWV
; FOK KEUTANGULAK KEOQIUNSDIMENSTIUN = (£
i
]
- TRE COWER TNTEGIATIUN TIVITS ARE™
i =1+00C0002 -1,000C0u2
e
:r THE UPPEN INTEGATTION LIV TS AKE
. 10000002 1.200032
‘ THre VALUE 15 UJ48EE157T AITH A STANDARD ERRUK OF C.000Y689

AND A CORRELATION OF 048419297
THE REGULAR YA T HAS StV cXTRAUTED

THE CORRECT VALUE IS .46607
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TABLE 3

YOLTIVARIATE NORMAL INTEGRAL

(&)
o
©
[e]

THE QANDCA 4UVRER 1S5 9531

=2 STANDARD ERRCR IS LESS THAN Ce08139000

ST VERTANCE = COVARIANCE MATRIX § 1S

_ lecETCT T4CO0CO 24320C00 24020009 0.303CQ0
Tedloll 1ecULC JedUV00 CceCC0CZO C.dC02CO
PRROICINE S.CC300 130600 CaCCCCO CeJ000CC
CelTCTU CeTTCUU JeJd20L00 Jeluull Ceo5C0CO
GeCGJCCOH CeC3C00 0600000 Q+0CCOC 0.00C0C3

JPRPIY TRIANGULAR FACTORIZATION

1.02200 CellT30 Je0020C0
- 0.,30CCT 105000 J.90000
C.20G02 Ce G006 1.00000

F INVEISE OF A TRANSPUSE
i 1.0020¢C EEEE 2,00000
: CeCUITL 1450000 0.0000C
F J.50JCT Cel oDV 1.,0C000

I"VERSE OF §

1.00L00C Je0QCCC 000200
- 0003700 1.52C00 0430000
C.000CYy CelT000C 1.0C000
FOR RECTANGULAR REGIONsDIMENSION = 3
LUXER INTEGRATION LIMITS ARE
0 ST302CS 0eJUGLOVC 0.0000GC00
UPEER INTEGRATION LIMITS ARE
14C0G30C02 1.0300000C2 1.0000002

VALLE 15 063397351 wITH A STARDARD ERROR OF 0eG002741
4 COPRELATION CF Ce8054759

REGULAR 2ARY RAS B-EN EXTRACTED

CORRECT VALUE IS .039772

—12-
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TABLE 4

"MULTIVARIATE NORMAL INTEGRAL

R e T

THE VECTSR OF “IZANS IS
0.030Cuss 0430200000 040050002 0.000009%
,é \
: THE RANDOY NUMBRER IS 7317
{
P THE STANDARD ERROR IS LESS THAN 0400100000
Lt
THE VARTARTE = COVARTARCE MATRIX 5 TS
H
? 1460030 5.0000C 2.02000 C+000C0 0.00000
N T.TITOT YR Igele 3.J30C0 T«00000 T+ 00000
; 5400037 e lN00L 1492000 a.coCce C.£0C00
v NeDUED ERITE 200000 1.20000 CeC009C
' C.0030C C40000C 3.00000 0.00000 3.00009
|
; JPPER TRTANGULAR FACTORIZATION
i
? 14C025¢C 3.000CT 2.32500 000000
J.20CT0 T.COZ00 T.00000 0.00000
f 0400090 040000 1.00000 3400290
0.00C00 040000 0402000 1.00000
I
b INVERSE COF A TRANSFOSE
i !
' 1.00G00 0.C0U0V 2400000 0,00030
13 040000 1408050 0402000 040C00G
: 0.0CTLT SPyetoleiery T.0000 J.0C030
' 0.00070 0400050 0.00000 1,06009
;
b INVERSE OF §
5
' 1ewUUTU e AT Ve JUJUU JeJuUJJ
' 0+00000 14C0NC00 2407000 0400000
C.00000 04C0C20 1420530 0.0003C
JeCUTTU UeWUGTT J«JUU0DD0 1.00000
FUR RECTANGULAR REGIONSDIMENSTON = &
THZ LOWER THTEGRATTION LIMITS ARE
040000C00 C+0020030 00092000 0.30C0000
é THZ"UPPER INTEGRATICY CIMITSARE
i 1.0000002 1.0020002 1.00020C? 1.0000002
]
YT T THE VALUE TS Ui0I3SI6T

AED A CORRELATION OF 2,82780133

THE CORRECT VALUE IS .013576

NI TH AT STANDARD ERRURTF Ve UUVITEY
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The output is self-explanatory except for the
standard error value. The value .001 is used in each case.
This quantity is the standard error of the estimated integral
value. In Table 1 the estimated value is .341236 with a standard
error of .00018 and, consequently, a 95% confidence interval on
the "true" value of the inteqgral is .341236 + .00035 which is

observed to contain the true value in this case.

The above paragraph demonstrates the basic statistical
approach of the Monte Carlo technique. We are estimating a
parameter in the strictest sense and this estimate has the same
validity of an estimate for any quantity when many samples
(likely several thousand in most cases) are involved. Here,
as in most applications, the well-known mechanism of increasing
the precision by increasing the sample size and/or decreasing
the population +Variance (as the "regular part” does in some
instances) is working. The confidence placed in these numbers
should be no more or no less than the confidence placed in the

results of any carefully designed, controlled and extensive

sampling scheme.

The next three tables (5-7) present the calculated proba-
bilities for examples H, I and J (pp. 25~31) in Crutcher (1967).

Briefly, the examples are presented below:

Example H: 24~Hour Displacement of Asiatic East Coast

Cyclones Originating East of 130° East Longitude.

14



Example I:

Example J:

Bivariate Normal Parameters (Units in latitude)

X = 8.9 s = 3.10 r = .292
x xy

v = 4.6 s = 3,70
Y Y

The problem is to evaluate the probability of
observing a cyclone after 24-hours in a circle
centered due east of the original position at
a distance of 8 degrees of latitude with a radius

of 2 degrees.

Upper Wind Velocities for January at 6 km above

Greensboro, North Carolina.

Bivariate Normal Parameters (Units are meters/sec.

with winds from south and west positive)
X =v24.04 s, = 13.12 r. = .174
x xy

y = 1.22 S
¥ 4

12.65

The problem is to evaluate the probability of observ-

ing winds at 6 km equal to or less than 5 meters/sec.
36-Hour Displacement of Tropical Storms.

Bivariate Normal Parameters (Units are degrees of

latitude)

X = -2.9 S = 3.87 r = .581
X xy

y = 3.9 Sy = 2.30

15



The problem is to evaluate the probability of
observing a storm within 2 degrees latitude of

a point (-5.0, 5.0) from the storm center 36

hours previously.

On each table the probability obtained by using the Cornell

Tables and the exact calculated probability, furnished by

Crutcher (1967), are given.

16
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TABLE 5

u % +ULTIVARIATE NORMAL INTEGRAL
i
*___~.

T4 YECTOUR OF MEZANS IS
849000015 La6000003

THE RANDCVY AUM3FR [§ 3527

THE STA\DAID EXROR IS LESS THAN 0.00120C00

THE VARTANCE = COVARTARCE MATRIX 5 15

oy goa—

9.61C0C 3434923 7.00000 0,00C00 0.,00000
34347323 13.68999 2300200 060L0OOC DedQ00U
De 000U CelOUTC Je00000 JeJCC20 04CCC0OC
N4CCENEC Ue0NGCC 0,02C0¢C C.00COC 0.0000C
C.C0C0C DeC00TC 0,00000 C,000600 C.00C00

UPSER TRIANGULAR FACTCRIZATION

34096969 1.08039

0«0000C 3.53874

INVERSE OF A TRANSPFCSE

0«32258 0400300

=0.09848 O0e¢2RE5B

oy s o7 A % Ao Tt o —— ) T

INVERSE OF 5

Ce11375 ~0e02783

e e e g Ce

-0002783 0.07985

FOR BTVARTATE ELLIPTICAL REGION

T R

THE RUTATIUN ANGLE IS Ue CU0TU

THE X AND Y AXIS LENGTHS ARE 2.0000 20000
- THE CENTER AFTER ROTATION 1S 80000 0.0000
é THE VALUE IS 040783936 WITH A STANDARD ERROR OF 00009339

oy

VALUE USING CORNELL TABLES IS .07733

EXACT CALCULATED VALUE IS .07713

17

e e T mp——



TABLE 6

MULTIVARIATE NORMAL INTEGRAL

THE VETTOR UF MEANS IS
e llulLl9 1422C0v0uC

T-S 2A%0CY NU¥AIR IS 1179

THI STANDAXD ZRRCK IS LESS THAN  0.00100C00

T+t VARIACE = COVARIANCE MATRIX 5 IS

172,13439 2R,87842 2.00000 040GC0OD 0,00000
28487842 160402249 CaC0000 JeJUUOD 0.00000
2,0CC0 Je0CZ303 J400C00 3408000 0,00000
3630800 1420000 2.07000 0.00000 000000
0.30C00 De400UDD 2.02000 0.0CC00 0.00000

UPPER TRIANGULAR FACTORIZATION

13.11995 2420117

3 0.0C000 12.45703

INVERSE OF A TRXANSPOSL

GeC7621 0600000

=CeD1346 D.08027

INVERSE OF s

C.00599 ~0.C2108

-0.001C8 Ge00644

3 FOR BIVARIATE ELLIPTICAL REGICN

T TR Y

‘ T=E SUTATION ANGLF IS YeGO000
3 THE X AKRD Y AXIS LENGTHS ARE 540000 50000
CENTER AFTER ROTATICUN IS 0.0000 00000

ey
1

I
m

~E VALUE IS 240146852 «I1TH A STANDARD ERROR OF CeCCC6107

VALUE USING CORNELL TABLES IS .01474
___ _EXACT CALCULATED VALUE IS .01431

TR At St
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TABLE 7
i “ULTIVARIATE NORMAL INTEGRAL
? THE YECTO. OF “EANS I
b ~7e900502C1 3,9500001
;; THE RANDOV AUMREZR IS 2399
1 THE STANDARZ £%:07? IS LESS THAN 0400100000
t; THE VAKTANCL = TOVAKTANCE MATRIX S I35
§
o
- 14.97690 5.1714& 0,J0000 0600000 0,00000
F 5.T71aE 5e28999 3.05000 J.0uu00 0. 00000
K 3.0C500 3¢520C0 0432000 0,C0390 0.C0000
J C.GOC00 RNNEN 3400000 0400UCY 000030
J 3.00000 PRI 0eo5C00 0.06000 C.00000
’9
;
J CFDER TRTANGULAR FACTORTZATION
!
;§ 2,86999 1023629
T 500000 T.B7197
iy TNVERSE OF A T<ANSPOSE |
| 0425235 0400000
E -0.18445 Ne53419
|
¥ INVERSE OF 5
b
% 0010279 ~0.09653
N =0.0YB53 5. 285735
W
{

FUR SIVARTATE ELLIPTICAL KEGION

'f‘*‘“‘Tﬁ?‘?UTnIIUN

THE X AND Y AXIS LENGTHS ARE

ANSLL 1o Ve UUUJUU

THE VALUE

ket 2.,0000 2.0000
(- THE CENTER AFTER ROTATICN 1S -5,4,0000 50000
o

IS Calss5387 AITH A STANDARD ERROR OF 040009946

L e

VALUE USING CORNELL TABLES IS

.14363

EXACT CALCULATED VALUE IS .14546

19
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The Monte Carlo technique is a technique of considerable
value in evaluating complicated integrals. From the two cases
presented here the reader can readily grasp the importance of a
proper s§lection of the pdf g(x). If the region being inte-
grated over can be described mathematically the process is readily

applicable - the form of the integrand presents no problem if

it can be evaluated accurately.

20
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Appendix

This appendix provides a detailed description of the
required card inputs to utilize the programs, along with
appropriate JCL for the computer being utilized. The programs

are written in Fortran IV.

The changes necessary to adapt the program to a specific
computer will be the modification to utilize a random number
generator other than the IBM SSP routine called RANDU and
assigning the proper logical unit numbers to reader and printer.
The former can be accomplished by changing Format statement
number 90 to conform to prescribed starting integer length
(presently the variable designation is Ix read in I4 format)
and the latter can be accomplished by changing the R = 2 and

P = 3 cards at the beginning of the program to designate the

reader and printer logical numbers.

22
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Description - Card'Input

COL.
CARD 1 1 DIMENSION OF INTEGRAL
2 0 = RECTANGULAR INTEGRATION, 1 = ELLIPSE
3 0 = INPUT IS X & Y AXIS LENGTHS, ROTATION ANGLE &
CENTER AFTER ROTATION
1l = INPUT IS 5 POINTS ON ELLIPSE
4-7 4 DIGIT RANDOM NUMBER (LAST DIGIT ODD)
8-17 MAXIMUM STD ERROR OF THE MEAN PERMITTED (F10.6 FORMAT)

CARD 2 VECTOR OF MEANS (MAXIMUM OF 5) 5F8.3 FORMAT

CARDS 3 1lst CARD FIELD 1 COLS 1-8 STD DEVIATION OF lst VARIAELE
£o I 2 9-16 CORRELATION OF lst & 2nd VARIABLE
17-24 CORRELATION OF lst & 3rd VARIABLE
25-32 CORRELATION OF lst & 4th VARIABLE

33-40 CORRELATION OF 1lst & 5th VARIABLE

3
4
5
2nd CARD FIELD 1 COLS 1-8 STD DEVIATION OF 2nd VARIABLE
2 9-16 CORRELATION OF 2nd & 3rd VARIABLES
3 17-24 CORRELATION OF 2nd & 4th VARIABLES
4

25-32 CORRELATION OF 2nd & 5th VARIABLES
3rd CARD etc.

- NOTE: THERE WILL BE AS MANY CARDS AS THE DIMENSION OF THE INTEGRAL -
EACH CARD CONTAINING THE STD DEVIATION OF A VARIABLE AND
CORRELATIONS WITH SUCCEEDING VARIABLES WITH 1lst CARD DEVOTED

TO VARIABLE 1, 2nd CARD TO VARIABLE 2, ETC.

IF CARD 1, COL 2 = 0

THE NEXT TWO CARDS CONTAIN THE LIMITS OF INTEGRATION
23




| | e
TnI TIZST CONTAINING THE LOWER LIMITS, THE SECOND CONTAINING THE
CFPPIR LIMITS. BOTH CARDS HAVE 57¥8.3 FORMATS.

le= CARRD FIELD 1 COLS 1-8 LOWER INTEGRATION LIMIT ON VARIABLE 1
2 8-16 LOWER INTEGRATION LIMIT ON VARIABLE 2
3 17-24 LOWER INTEGRATION LIMIT ON VARIABLE 3
4 25-32 LOWER INTEGRATION LIMIT ON VARIABLE 4
) 33-40 LOWER INTEGRATION LIMIT ON VARIABLE 5
Zrd CARD FIELD 1 COLS 1-8 UPPER INTEGRATION LIMIT ON VARIABLE 1
2 9-16 UPPER INTEGRATION LIMIT ON VARIABLE 2
3 17-24 UPPER INTEGRATION LIMIT ON VARIABLE 3
4 25-32 UPPER INTEGRATION LIMIT ON VARIABLE 4
5 33-40 UPPER INTEGRATION LIMIT ON VARIABLE 5

IF CARD 1, COL 2 =1
THE NEXT CARD CONTAINS ELLIPSE INFORMATION
IF CARD 1, COL 3 = 0

FIELD 1 COLS 1-10 ROTATION ANGLE IN RADIANS F10.3 FORMAT

T T T

24

2 11-20 X AXIS LENGTH (in regular position) F10.3 FORMAT
3 21-30 Y AXIS LENGTH (in regular position) F10.3 FORMAT
% 4 31-40 X COORDINATE OF CENTER F10.3 FORMAT
5 41-50 Y COORDINATE OF CENTER F10.3 FORMAT
IF CARD 1, COL 3 =1
FIEID 1 COLS 1-6 X COORDINATE OF lst POINT
2 7-12 Y COORDINATE OF lst POINT F6.2 FORMAT
3 13-18 X COORDINATE OF 2nd POINT F6.2 FORMAT
4 19-24 Y COORDINATE OF 2nd POINT Fé6.2 FORMAT
5 25-30 X COORDINATE OF 3rd POINT F6.2 FORMAT



10

31-36
37-42
43-48
49-54

55-60

Y COORDINATE OF
X COORDINATE OF
Y COORDINATE OF
X COORDINATE OF

Y COORDINATE OF

25

3rd POINT F6.2
4th POINT F6.2
4th POINT F6.2
5th POINT F6.2

5th POINT F6.2

FORMAT

FORMAT

FORMAT

FORMAT

FORMAT
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Qi

b §oA

e

GV Q) (i
—peed BN L2

[
o L

n.
Al
4o

(11' 920X 29HMULTIVARIATE NORMAL INTEGRAL /)
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NeKODE + ICODE s IX9ERROR
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S1) SD{L) s (RHOILsK) sK=LL sN)

21CS5) (U(llaI=14sN)

'CTHE VECTOR OF MEANS IS'/¢l1Xs5(F124793X))
“RITE{33107) IXH»ERROR

O RME O M- 4 —~O W

mELO T 3 A

1Cs

137 FORMAT(//9' THE RANDOM NUMBER IS'sl6// !
1S T=HAN',7F12,8)

CO 3 1I=1eN

THE STANDARD ERROR IS LES

Li=]+1
S(I,I1=8SD(]1#%2
0o L=tlsN

(V3]

5(Z’g)‘VAD(IvL)*SD(I)*SD(L)
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IFH=J+1
DC 12 I1=IFHN

I’ E(X’J)'—'S-C’
| 13 IF(IER) 14416915
14 WRITE(3494)
GO TO 16
- 15 WRITE(3,95!
, 16 WRITE(3+96]
o - DO 17 I=1,N
- 17 WRITE(3997) (E{lsd)sJd=1sN)
¥ C
& C INVERT A
; DO 18 I=1sN
; DC 18 J=1sN - -
. 18 FlJel)=E(1sd)
" CALL ARRAY(2sNoeN9159s5sF oF)
s CALL MINVIFsNsDUsKNKI)
; CALL ARRAY{(1sNoNe595eF oF)
! IF(IER) 19421420
: 19 WRITE(3+94)
N4 GO 10O 21
; 20 WRITE(3+95)
!l 21 WRITE(3+98)
5 DO 22 I=1sN
A 22 WRITE ¢ 39944 Pty iigidngo N )
o CALL ARRAY(2sNosNs5+59HsH) e o
W CALL MSTR({HesSeNs0s 1)
b CALL SINV(SINIEPSHIER)
. CALL MSTR(SsHsNs1+0)
13 CALL ARRAY(1sNsNe59sSeroM)
" IFUIER) 237525424
1 E 23 WRITE(3+54) ,
i GO TO 25
4 24 WRITE(3+55)
! 25 WRITE(3+99)
13 DO 26 1=1,N
W26 WRITE(3+97) (H{loJ)eJ=]1sN)
iy C
F € CALCULATE CONSTANT C
¥ C
1 PROD=1.
g§ . DO 30 I=1,N
t 30 PROD=PROD*E(1s1)
% PPROD=PROD*#2
S C=((66283185307)%#%N*PPROD)##(=y5)
b IF(N=2) 32,31,32
. C '
; C IF KODE = 1» THIS 1S AN ELLIPSE
! C
4 31 IF(KODE) 32432,200
4 C
i C_ CALCULATE QUANTITY Q
?;5 C
)

o

32 WRITE(35111)IN
111 FORMAT(21Xs'FOR RECTANGULAR AREA,

2

glMENSION ='912/)




71205 ) {A{IYel=1eN)

SILlizZenl) U1BI1)eI=19N)
SlTiizelizs) tn«x).x-..\)
- -~ ; p . y:_

B(F12.T7+3X))

;75:a.fJ=> (R(I)si=lsN)
% TIVITRE UPPER INTEGRATION LIMITS ARE'/s1XsS(F12eT+3X3)

- c e I

2o T at iy

O O Ak
U '
i

Vot
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~lA2 L i=A{T))

{1
B
i

SI=UlI) ) # %3 (A(])=U(]) ) %3
.3~J.I))**5-(A(I)¢U£ll)**5

-4 O\

S FE I B R

Wiy 4

Lo BN

[V
e
C

s N

9
L435434
{Jl=A{J})

o -
G

re 00}

A S

“dlw "

‘\‘\.‘-.

oMl (H(TI)#DIF1%P2)

I

—altn ol s

T (o (Ts[1#¥2#TE2¥P2)
i=e 51 %SUML /3,

n o~ li

&gt

N FTR SR (S

P T

MO Sl QMO R I e O

(SR R g

—
P

L ]
] 42442037
J=1 o NN

"N

i
YUl ) w2 (A(])=U(]))®%2
J=UlJ) ) eR2=(A(J)=U(J) ) #x%2

DO 40 K=1sN

IF{K=1) 33940438
IFIK=J) 39440439
P3=234{B{K)=A(K))

CONTINUE

SUM2=SUM2+(H(1eJI®DIF2#DIF3#P3)
CONTINUE

€2 Q=C*{P1+SUM1=SUM2/4++TE1)
T82=0
TS83=¢

TS4=0

IF(N=1165+65+66
66 DO 87 T=1,4N

00 67 J=1sN
IF1U=1165+67469
£ °8§°

2T AB(1)wUCI)In®G=(A(T)=Ul]))%nL)#{(BIJ)I=U(J) ) RR2m(A(J)=U( J))%"2

1)
CS2=((B(1)=U(L) 1 #%3=(A(])=UlI)1%%3)8((BIJ)I=U(J) I RB3=(A(J)=U(J))""3

1)
“2=1
23 70 K=1luN
- IF (k=717197CHr»71
71 IF (K=J172970972

72 P2=P2#(8(K)=A(K))
70 _CCNTINUE




BA

GE 4

{
|
(‘

T82=T82+= I+ 1)#H{12J)#DS1#P2
TS3=TS83+!“(J1el)¥H(JeJ)+2o% (e l])n®2)8DS28P2

67 CONTINUE
T52=T82/15.
Y353=T53/72,

IF{N=2)65¢565473
73 DO 74 I1=1.N

RO 76 J=14N

IF{J=1175+T4s75
75 DO 74 K=1sN
IF(K=117563T4s76

T6 1FIK=JITT274+77
77 DSI=(BIII=U(]I))1%*#3=(AL])=U(]))%"3
DS1=DS1#((B(JV=y(J) ) n=(A(J)=U{)) ) NND)

DS1=DS1#((B(K)=U(K) ) ®#%#2=(A(K}=U(K))#®2)
P2=1
DO 78 L=14N

-, . .

IF(L=1)T79+78+79
79 IF(L=J)B0s+s78+80
80 JF(L-K)Bl,78+81

-

81 P2=pP2#(8(L)=A(L}))
78 CONTINUE
TS4=TS4+(2e#H(T ol ) *H(JoK)+la®H( T o i) H(T  K)I*DSINPD

MY

-

74 CONTINUE
TS4=T84/56.
65 Q=Q+C#(T7S2+47S3+1S4)

T T T e

CALCULATE C!

CP=P1#C

START RANDOM PROCESS

a¥al aKa B e Xa N A

CALCULATE x (RANDOM VECTOR)

FSUM=0.0

- W W i e

FSQ=0,
FGSUM=0,
FGSQ=0.

-
S e

COFGSOO
50 DO 59 NAN=1,100
DO 51 1=14N

CALL RANDU(IXsIYsYFL)
IX=1Y
X{1)=YFL

DO 52 I=1sN
Y(I)=A(I)+X(])(B(I)=A(]))

N NN WM

CALCULATE F AND G

DO 53 1=1sN

53

XBR{I)=0.
DO 53 J=1N
XBRII)=XBR(I)+F(ToJ IR (Y (JI=U(J))

f}'.; T

S&4

T=le
DC 54 I=1N
T=THEXP({=e5#XBR(])#%2)




1

"
te
[

[ 3 S
i
¢
a

1}
RIS N

-4
v
[T TR P

L= N
3_’3+H(IQI}*(Y(I)-U(I))**2
2 F LA L xR R (Y (Y=L ) ) *ns

)
RERS J

40 i
bog
(S (IS 1]

IFIN=) ZE458,456

o5 8T =1 4NN

20 37 I=IMgN
EQ”hJSL‘;+H¢IQJ)*((Y(J)-U(J))*(Ill)‘Uil)))
DT 81 I=lN

20 zZ U=14N

LT =1 334624813
DI;={Y(I)-U(X))**3*(Y(J)-UIJ))
D12=(Y§IZ'U(I))**2*(Y(J)-U(J)l*’2
032=’72*(“-“H(191}*HtloJ)*DLI+(H(I'I)*H(JOJ)+2¢*H(I)J”*2){DIZ’
CCATINGE

IF(N=218448G44985

O0 2 I=14N

DO 24 Us1,N

IF {(JU=1)87+86987

[F(X=J)B89+86489
Il=(Y(I)-U(I’)**2*(YLJ)-U(J))*(Y(K)-U(K))

TS3=753*‘20*H(I|I)*H(J’K)+4.*H(I!J’*H(IlK’)*DXl
CONT I NUE
CONTI~UE

C=Com lame5#(SUMI+2o%SUMS ) +4125%(TS147524753))
FSUM=FSUMHFF
FSC=730+(FE##2)

FGSUM=FGSUMS (FF=G)
FGSC=FGSQ+{ (FF=G)##2)
COFG=COFG4+FF* (FF=G)

CONT I nyE
FM=FSUM/NT
VAR1=<F5Q—(FSUM**2/NT))/(NT-l)

COF=(COFG-FSUM*FGSUM/NT)/(NT*I-)
SF=SQRT(VARLI/NT)
FGM=FGSUM/NT

VAQ2=(FGSQ-(FGSUM**Z)/NT)/(NT-I)
SFG=SZRTIVAR2/NT)
FG=FGM+2

IF (SFG=ZRORIE63963+60
60 [F(SF=23R0R%)62+62s61

| €l AT=5T+100

GO TCTT535
€2 WRITE(35100)FMySF
CC 15 1

€3 C0F=COF/SORT(VAR1’VAR2)
WRITE(39104)FGsSFG+COF

f GO To :

30




SAGE )

200 CONTINUE
123 FCRMAT('OTHF VALUE 1S'+F15410.' WITH A STANDARD ERROR QF ' 4F185,10)

301 FORMAT(5F10.3)

202 FCRVAT('CTHE ROTATION ANGLE IS'sF10e58/9s' THE X AND Y AXIS LENGTHS
1l ARE'+2(2X9s7F10e4te/9' THE CENTER AFTER RQTATIGON I1S'22(2XeF10a44))

T L 357

@

110

WRITE(3+110)
FORMAT (21X 'FOR ELLIPTICAL REGION?'/)
IF (JCCOE) 231142119212

212

211

CALL CAL(THETASAXISIPTS)
GO TO 213
READ(2+101) THETA+AXISWPTS

213

WRITE(3+102) THETAWAXISHPTS
C=23,141592653%CRAX]IS(]1)*AXIS(2)
SINT=SINITHETA)

COST=COS(THETA)

FSuUM=0s ‘ o

FSQ=0

201

DO 204 NNN = 14100
CALL RANDU(IXsIYoYFL)
IX=]Y

AX{1)==AXIS(]1)+2.%YFL®*AXIS(1)
CALL RANDUIIIXeIYsYFL)
IX=1Y

DISC=1={AX(1)#%#2)/(AXIS(1)%#2)

AX(2)==AX]IS(2)%#SQRT(DISC)+2.#YFL#AXIS(2)%#SQRT(DISC)

AY(1)=AX(1)#COST~AX(2)#SINT+PTS(1)

AY(2)=AX(1)%#SINT+AX(2) #COST+PTS12)
DO 202 I=1sN
XBR(I1)=0,0

202

DO 202 J=1sN

XBRIII=XBRIII+F(IsJIR{AY(J)=U(J))
I=1.

203

DO 203 I=1sN
T=THEXP (= 5#XBR([)##2)
FF=T#C

204

FSUM=F SUM+FF
FSQ=FSQ+(FF##2)
CONTINUE

FM= (FSUM) /NT
VAR1= (FSQ=(FSUM®#2/NT) )}/ (NT=1)
SFaSQRT(VAR1/NT)

210
205

IF(SF-ERROR) 20692054205
NT=NT+100
GO_TO 201

e

206
300

-56789 ST0OP

WRITE(3+103)FMsSF
GO 170 1

END
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5 SUBHCUTING MOTR(AIRINeMSASMSR]
DIMENSION A(Y)eR(1)

DO 20 I=1eN

| DO 20 J=1eN ‘
o IF(MSR) 59105
o 5 IF(I=J) 10s1C+20
o 10 CALL LOC(IeJde]RaNsNIMSR) |
| IF(IR) 20920415
Fb 15 R(IR)=0aD
| CALL LOC(TaJsTAsNINIMSA)

E IF(IA) 20420918

S R{IR)=A(IA)

|, 22 CONTINUE

o RETURN

if END
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SLTINE MINYV(AaNeDel oM}

""‘—”“*-_’;.5u5::x ALLrsb(1)eMi)
=:.sf
\ < - <:1.\

[ o
'

(D e s j0) v e U

(.
.

;-..

T

-~ =

o

N)
©
a
o -

[
LA

[

T AR v (.

[

FAS T

\a)
o]
i B D>

UL et ad QI S8 S e T I

"o~ Lk

o

£i=J2+J

wX

HOLD==A1( JK)
Al

Y=A(JL)

40 AlJdIN==CLn

45 IF(R CAILd 46048
&6 D=V‘u

RETURN

39 1

48 DC

~

-

25 I=1sN
IF(I=-K150455,450

KEL4=

ALIKI=A(IK)/(=BIGA)

DS ) .—13!
IK=v<+]
HOLD=2 (1K)
i L= =
ﬁ{ DO 65 U=z=1,.N
] Tu=I0+N
——— c T8 50465450
] £3 IF(,—<)55065062
} §2 <u=s_- i~<
?_ A:IJ1=~V;3*A(KJ)+A(I
g &5 CoONTINUST
Cozdayy
— 20 75 <=1 N




~A

GE

2

. .»4""“"’”"‘\{." B i

KJ=K J+N
JF(J=K)170+75470

e

70
75

ALKJY=A(KJ)/BIGA
CONTINUE
N=D#R I GA

80

A(KK}=140/BIGA
CONTINUE
K=N

105

K=K~1
IF(X)150+150+105
I=L(K)

108

IF(I=~K11204120+108
JQ=N#*(K=1)
JR=N#®(]=-1)

DO 110 J=19N
JK=JQ+J
HOLD=A(JK)

110

JI=JUR+J
AluK)i==A(J])
A(J1)=HOLD

W T e gy

120

125

J=M({K)
IF{J=K)1100+100¢125
K1=K=N

DO 130 I=1eN
KI=KI+N
HCLD=A(K])

130

JI=K]=K+y
A(KI)==A(J])
A(JI)=H40OLD

150

GO TO 100
RETURN
END

I I R T

W e g W W W W W

-~

W u\l

et

LIS LR L

——ta
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5 S5 iCuTINE ARRAY(MODEsIsJdsNsMsSeD)
7 [¥E4SION S(11s0(1) ~
i Tade=]
b T TvsZ OF CONVERSICN
2 FivwlDE=1) 1004100120
¢ VESRT FR0v SINGLE TO DOUBLE DIMENSION
— T e el
DC 110 K=1,J
S0 110 L=lel .
1d=li=1
EYRERCIREE Y S |

o
b
Q

c
GG TG 140
s T FROM DOUBLE TO SINGLE DIMENSION

i
3

[}
N
o

125 S{I1y)=DINM)
g 131 LAZVAN]
f‘ 140 RETURN

3 ENC

TEY
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SUBXCUTINE MFSD(ANEPSHIER)

DIMENSION ACD)
C TEST ON WRONG INPUT PARAMETER N
IF(N=1) 120191

1 1ER=0
C  INITIALIZE DIAGONAL LOCP
KPIv=0

DO 11 K=1sN
KPIvV=KPIV+K
IND=KPlV

LEND=K~=]
C CALCULATE TOLERANCE
TCOL=ARS(EPS*A(KPIV))

START FACTORIZATION LOOP OVER K=TH ROW
DO 11 1=KeN
DSU"’:OO

4
SR
nN

IFILEND) 294452
START INNER LOCP
DO 2 L=1sLEND

NN

LANF=KP[ V=L
LIND=IND=L
DSUM=DSUM+A(LANF)I*A{(LIND)

END OF INNER LOOP
TRANSFORM ELEMENT A(IND)
DSUM=A (IND=DSUM

& N Nlw

IF(I=K) 1045410

TEST FOR NEGATIVE PIVOT ELEMENT AND FOR LOSS OF SIGNIFICANCE
IF(DSUM=TOL) 646949

IF(DSUM) 1241247
IF{IER) 89Ry9
[ER=K~=1

COMPUTE PIVvOT ELEMENT
DPIV=SQRT(DSUM)
A(KPIV)=DPIV

&
O N N

DPIv=1e/DP1lV
GO 70 11
C CALCULATE TERMS IN ROW

11 AUIND)=DSUMXDPIV
11 IND=IND+]
C END OF DIAGONAL LOOP

Tt i W w b W M e e

RETURN
12 l1ER==}
RETURN

TV

END

e L ucw%m‘u,w
[
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DC & K=1sKEND
#ORK=040

VINEr =1
LRIR=121V
LVER=J

O 3 L=LANFeMIN
LVER=LVER+]1
LHOR=LHOR+L

#ORK=wORK+A(LVER)®#A(LHOR)
AlJ)==WOIK®*DIN
JEJ=MIN

o

IPIv=IPIv=MIN
IND=IND=-1
DO 3 1I=1.N

IPIv=]IPIV+]
J=IPIvV
DO 8 K=IeN

WORK=040
LHOR=Y
DO 7 L=KseN

LVER=2LHOR+K=]
WORK=zWORK+A({LHORI*A(LVER)
LHOR={_ HOR+L

A(J)=wWORK
JaJ+K
RETURN

END
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SUSRCUTING CALITHETAWPTS,AX]S)

DIVENSION A{52219S5(5e5)+BP(6)1+B(E)sPTSL2) sAXISIZ2)eoKN{D)9K]I(5)
° READ(2+100) ((AlIsd)ed=192)eI=195)
130 FORMAT(1OFGRe2)

WRITE(3+101) ((A(Tsd)eJd=192)91=2145)
101 FORVMAT(//7%" THE PGINTS ARE's/s5(2Xs ' (Ys2FTe29' 1'4))
2C 1 I=1+5

S{Ies1)=A(]sl)%%2,
- S{Ie2)=A(1s1)%A(192)

. S(1e3)=A(]g2)%n2

g 5{le4)=a(141)

é | S{1e5)=A(142)

; CALL MINVISs5¢DUsKNK])

DO 2 1I=1+5
SU-M=OQO
DO 3 J=1,5

I R R

3 SUM=SUM*S{IsJi%(=1,)
B{Il}1=SUM
B(6)=100

;vv
[ \¥]

I et

X=B(2)/(B(1)=B(3)}
T=ATAN(X) /2
BP(1)=B(1)#(COS(T) 1 %#2,4B(2)#(SIN(TI*#COS(T))I+B(3)}R(SIN(T))w*2,

BP({2)1=0,

BP(3)=B(1)#({SIN(T))##2=B(2)#SIN(T)*#COS({T)I+B(3)#(COS(T))I#x2,
BP{4)=B(4)*%COS{T)I+B(5) *SINIT)}

BP(5)=B(5)#COS(T)=B(4)#SIN(T)
BP(&)=8(6)
THETAa=T

D'(Zo*B(l)*COS(T)+B(23‘SIN(T)‘*(2-*8(33*CuSlT)‘B(Z)*SIN(T))°(‘20*5
111 RSIN(TI+R(2)%COS(T)I#(2.#B(3)#SIN(T)+B(2)#C0S(T))
PTS(11=((~B(u!*COS(TI=B(51*SINIT)I*(2,#B(3I#COS(T)=~R(21#SIN(T})=(B

1(G)RSIN(TI=B(5)%COS(T))IH(2.,#B(3)#SIN(T)+B(2)#C0OS(T)))/D
PTS(Z)*((2.*8(1)*CO$(T)+3(2)*SIN(T))*!B(h)*SIN(T)-B(5)*COS(T))—(-2
le#B(1)#SIN(TI+B(21#COS(T) 1 %(=B(4)*COS(TI=B(SI#SIN(T})I/D

e g e

Y=BP (3 ) #(BP(4)%#2 ) +BP{L1#(BP (51442 1=, #BP(1)1#8P(3)%BP(6)
F=ARS(8(1))
G=ARS(8(3))

IF(F=G) 2092021
} 20 AXIS(1)2Y/(4e®(BP(1)%#%2)%#8P(3))
| AXISI2)=Y/(4e#*(BP(3)#%2)#8P (1))

GO TO 24
21 AXIS(2)3Y/(4en(BPL]1)#%2)%BP(3))
AXIS(1)3Y /{4 (BP(3)%%2)28P(1))

24 AXIS(1)=S2RT(AXIS{1))
AXIS(2)=SQRT(AXIS(2))
RETURN

END




